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Abstract
We derive the Lorentz self-force for a charged particle in arbitrary non-relativistic motion via
averaging the retarded fields. The derivation is simple and at the same time pedagogically acces-
sible. We obtain the radiation reaction for a charged particle moving in a circle. We pin down the
underlying concept of mass renormalization.
1
I. INTRODUCTION
The electromagnetic field goes to infinity at the position of a point charge. The electro-
static field at the position of the charged particle
~E(~r) =
1
4πε0
q
r3
~r
r→0
−−→∞ (1)
and the self-energy of the point charge in the rest frame of the charged particle
U =
ε0
2
∫
E2d3r =
1
32π2ε0
π∫
0
sin θdθ
2π∫
0
dφ
∞∫
0
q2
r2
dr = −
q2
8πε0
[
1
r
]r=∞
r=0
→∞ (2)
turn out divergent. The concept of the point-like (structureless or dimensionless object)
charge may be an idealization. The measurement of the anomalous magnetic moment of
an electron based on the quantum field theoretic calculations leads to the following upper
bound on the size of the electron1 l : l ≤ 10−17cm. Thus, a charged particle might be
considered as an extended object with a finite size.
In order to circumvent the problem of divergence of the field at the point charge, it is plau-
sible either: (1) to consider the averaged value of the field in the suitably small closed region
surrounding the point charge as the value of the field under consideration at the position
of the point charge or (2) to think a charged particle as an extended object having small
dimension with a charge distribution. Our derivation of the self-force is based on the former
consideration.
If an extended charged particle moves with non-uniform velocity, the charge elements com-
prising such charge distribution, begin to exert forces on one another. However, these forces
do not cancel out due to retardation giving rise to a net force known as the self-force. Thus,
the radiating extended charged particle experiences a self-force which acts on the charge
particle itself. The Lorentz self-force2 (p. 753) arising due to a point charge conceived as a
uniformly charged spherical shell of radius s is given by
~Fself = −
2
3
q2
4πε0c2s
~˙v(t) +
2
3
q2
4πε0c3
~¨v(t) +O(s) with |~s| = s (3)
where,
• the quantity 2
3
q2
4πε0c2s
in the first term stands for electromagnetic mass and becomes
divergent as s→ 0+,
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• the second term represents the radiation reaction and is independent of the dimension
of the charge distribution and
• the third term corresponds to the first finite size correction and is proportional to the
radius of the shell s.
The usual method2 of computing the self-force (3) involves rather cumbersome calculation.
Boyer3 has obtained the expression for the self-force using the averaged value of the retarded
field for a charged particle in uniform circular motion. Boyer’s derivation of the self-force
for charged particle in uniform circular motion involves an unsophisticated calculation.
In this article, we derive the expression for the self-force for a point charge in arbitrary
non-relativistic motion by averaging the retarded field in rather neat and sophisticated way.
Our derivation of the self-force unlike Boyer’s derivation pertaining to the specific context,
leads to the general (non-relativistic) expression for the self-force. In the following section,
we shall define the self-force in terms of the averaged retarded field over the surface of the
spherical shell.
II. THE SELF-FORCE
We shall be considering for our purpose, an average field on the surface of a spherical
shell of radius s due to a point charge q sitting at the center of the shell. An average field4
over the surface of a spherical shell of radius s is defined by
~Eq(t) =
1
4πs2
∫
∑
dA~E(~r, t) (4)
where
∑
is the surface of the spherical shell of radius s. We now define the self-force as
~FSelf = q Lim
s→0+
~Eq(t) = q ~ESelf (5)
where the field ~E(~r, t) depends upon the position and motion of the charge particle at the
retarded time. The field due to an accelerated charged particle is the sum of the velocity
fields as well as the acceleration fields :
~E(~r, t) = ~EV el(~r, t) + ~EAcc(~r, t). (6)
The average field contribution from the velocity fields (for v << c) ~EV elq (t) on the surface
of a spherical shell due to a charged particle at its center gets filtered out of ~Eq(t) because
3
for each spatial point ( say (sx, sy, sz)) on the surface there exists a corresponding point
(−sx,−sy,−sz) on the surface.
However, the average field contribution from the acceleration fields ~EAccq (t) over the surface
of a spherical shell due to a charged particle situated at the center of the shell turns out
nonzero because the acceleration fields involve a term ~s(~s.~a) which is even in the vector
~s. Moreover, ~EAccq (t) leads to radiation reaction as well as a term associated with the
electromagnetic contribution to mass. We shall now obtain the derivation of the self-force
in the following section.
III. RADIATION REACTION FROM A POINT CHARGE IN ARBITRARY
NON-RELATIVISTIC MOTION
In order to obtain the expression for the self-force, we begin with the field2 (p. 664) due
to a point charge located at ~rq(t) at time t in an arbitrary motion which is given by
~E(~r, t) =

q
(
~s− ~v
c
s
) (
1− v
2
c2
)
4πε0
∣∣~s− ~v
c
s
∣∣3 +
q
(
~s×
(
~s− ~v
c
s
)
× ~a
c2
)
4πε0
∣∣~s− ~v
c
s
∣∣3


t=tRet
(7)
where,
~s = ~r − ~rq(tRet) = (x− xq(tRet))ˆi+ (y − yq(tRet))jˆ + (z − zq(tRet))kˆ, (8)
and tRet = t − s/c. The quantities ~s, ~v and ~a in the square brackets are evaluated at
the retarded time tRet. The first term represents the velocity fields ~E
V el(~r, t) and is the
independent of the acceleration of the point charge. The second term represents acceleration
fields ~EAcc(~r, t) and exists only when ~a = d~v
dt
6= 0. Thus, for ~a = 0, there will be no radiation.
For sufficiently small speed of the point charge ( in the limit v/c → 0 ) the field takes the
form
~E(~r, t) =
q
4πε0
~s
|~s|3
+
q
4πε0
1
|~s|3
[
~s×
(
~s×
~a
c2
)]
=
q
4πε0
~s
|~s|3
+
q
4πε0
1
c2s3
[
~s(~s.~a)− s2~a
]
(9)
The velocity and corresponding acceleration of the point charge are given by
~v = ~˙rq(tRet) = x˙q(tRet)ˆi+ y˙q(tRet)jˆ + z˙q(tRet)kˆ
~a = ~¨rq(tRet) = x¨q(tRet)ˆi+ y¨q(tRet)jˆ + z¨q(tRet)kˆ (10)
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FIG. 1. A charged particle in arbitrary motion.
Now, the average field over the surface of sphere (as shown in the FIG. 1) is
~Eq(t) =
1
4πs2
∫∫
dθdφs2 sin θ ~E(~r, t)
=
q
4πε0
1
c2
1
4πs3
∫∫
dθdφ sin θ
[
c2~s+ ~s(~s.~a)− s2~a
]
(11)
where ~s(~s.~a) may be expressed as
~s(~s.~a) = [~s(sxax + syay + szaz)]
= (s2xax + sxsyay + sxszaz )ˆi
+ (sysxax + s
2
yay + syszaz)jˆ
+ (szsxax + szsyay + s
2
zaz)kˆ. (12)
The vector ~s in the spherical polar coordinates is given by
~s = (sx, sy, sz) = (s sin θ cosφ, s sin θ sin φ, s cos θ) (13)
We can show that ∫∫
si sin θdθdφ = 0 (14)∫∫
sisj sin θdθdφ =
4π
3
s2δij (15)
where δij = 1 for i = j and 0 otherwise with i, j = x, y, z. The average field now becomes
~Eq(t) =
q
4πε0c2s
[
1
3
~a(tRet)− ~a(tRet)
]
=
q
4πε0c2s
[
−
2
3
~a(tRet)
]
. (16)
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We note that the velocity fields contribution to ~Eq(t) vanishes for a charged particle in
arbitrary non-relativistic motion. In fact, the vanishing contribution of the velocity fields
apparently brings out the error in Boyer’s3 calculation for the contribution of the velocity
fields. In the limit s→ 0+, we get
~a(tRet) = ~a(t− s/c) = ~a(t)−
s
c
~˙a(t) +O(s2) (17)
Now,
~Eq(t) = −
2
3
q
4πε0c2
~a(t)
s
+
2
3
q
4πε0c3
~˙a(t) +O(s) (18)
Thus, the self-field ~ESelf yields
~ESelf = Lim
s→0+
~Eq(t)
= −Lim
s→0+
(
2
3
q
4πε0c2s
)
~a(t) +
2
3
q
4πε0c3
~˙a(t) (19)
Now, the self-force for the point charge limit is given as:
~FSelf = q ~ESelf = −Lim
s→0+
(
2
3
q2
4πε0c2s
)
~a(t) +
2
3
q2
4πε0c3
~˙a(t) (20)
which is same as equation (3) in the limit s→ 0+. The self-force can be expressed in terms
of rq and θq variables as
~FSelf = −
2
3
q
4πε0c2s
[
(r¨q − rqθ˙
2
q )rˆq + (rqθ¨q + 2r˙qθ˙q)θˆq
]
+
2
3
q
4πε0c3
[
(
...
r q − 3r˙qθ˙
2
q − 3rqθ˙qθ¨q)rˆq + (rq
...
θ q + 3r˙qθ¨q + 3r¨qθ˙q − rqθ˙
3
q)θˆq
]
(21)
We shall now study the following illustrative examples pertaining to radiation reaction.
A. Radiation Reaction From a Charged Particle Executing Simple Harmonic Mo-
tion
Consider a charged particle q of mass m executing simple harmonic motion along X-axis
with frequency ω, its displacement from equilibrium is
x(t) = x0 sinωt
and its acceleration is
a(t) = x¨ = −x0ω
2 sinωt.
6
The charged particle having nonzero acceleration will radiate and will therefore experience
the self-force (Please see the equation (A.2) ) given by
FOscillatorSelf = Lim
s→0+
(
−
2
3
q2
4πε0c2s
)[
−x0ω
2 sinω
(
t−
s
c
)]
= Lim
s→0+
2
3
q2
4πε0c2s
x0ω
2 sinωt−
2
3
q2
4πε0c3
x0ω
3 cosωt (22)
Thus, the self-force is the sum of the finite piece (−2
3
q2
4πε0c3
x0ω
3 cosωt) and the divergent
piece (Lim
s→0+
2
3
q2
4πε0c2s
x0ω
2 sinωt).
B. Radiation Reaction From a Charged Particle Moving in a Circle
Suppose a charged particle is moving in a circle of radius R with uniform angular speed
ω (as shown in the FIG. 2). The charge particle will experience the centripetal force
(−mω2Rrˆq) acting towards the center. Now,
FIG. 2. A charged particle moving in a circle of radius R.
~s(tRet) = (x−R cosωtRet)ˆi+ (y − R sinωtRet)jˆ + zkˆ (23)
The velocity and acceleration are
~˙rq(tRet) = −Rω sinωtRetˆi+RωcosωtRetjˆ (24)
~a(tRet) = ~¨rq(tRet) = −Rω
2 cosωtRetiˆ− Rω
2 sinωtRetjˆ (25)
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The acceleration ~a(tRet) (Please see the Appendix) in the limit s→ 0
+ yields,
~a(tRet) = −Rω
2 cosω
(
t−
s
c
)
iˆ−Rω2 sinω
(
t−
s
c
)
jˆ
= −Rω2
[
rˆq −
ωs
c
θˆq
]
(26)
The self-force is given by
~FCircleself = Lim
s→0+
2
3
q2R
4πε0c2s
ω2rˆq −
2
3
q2R
4πε0c3
ω3θˆq (27)
The self-force experienced by the charged particle picks up both the tangential component
which is responsible for the radiation reaction as well as the radial component which displays
the singular behavior in the limit s→ 0+.
IV. MASS RENORMALIZATION
The equation of motion for radiating charged particle is given as:
mB~˙v = ~FExt + ~FSelf
= ~FExt −
(
2
3
q2
4πε0c2s
)
~˙v(t) +
2
3
q2
4πε0c3
~¨v(t)
= ~FExt −mEm~˙v(t) +
2
3
q2
4πε0c3
~¨v(t) (28)
where mB corresponds to the mass of the charged particle that is not associated with the
radiation reaction and is called bare mass. The bare mass mB refers to the physical phenom-
ena at arbitrary short distance surrounding the point charge. The bare mass is not directly
related to quantities that one measures at finite spatial length from the charged particle.
However, mEm =
2
3
q2
4πε0c2s
, defined as the electromagnetic mass, arises due to the presence of
the electromagnetic field. The electromagnetic mass mEm is divergent for the point charge
(s→ 0+). Now, we may rewrite equation (28) as
(mB +mEm)~˙v(t) = ~FExt +
2
3
q2
4πε0c3
~¨v(t) (29)
In order to tame the divergence, the process of renormalization is implemented as follows:
Since a point charge causes an infinite electromagnetic mass, we assume it to be (+∞+mR)
so its bare mass must be postulated to be minus infinite (−∞) so as to render the observable
physical (renormalized) mass
mR = mB +mEm = mB +
2
3
q2
4πε0c2s
= Finite (30)
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finite. This shift is known as mass renormalization. The bare mass and the electromagnetic
mass are themselves not physical observables.
In the case of charged particle executing simple harmonic motion, the divergence piece of the
self force mEmx0ω
2 sinωt acts away from the equilibrium position. Whereas for the charged
particle moving in a circle, the divergent piece of the self-force appears in the form of the
centrifugal force mEmω
2Rrˆq. To have a sensible theory, these infinities are made to absorb
via mass renormalization to obtain the physically observable mass.
V. CONCLUSION
We derive the expression for the self-force for a charged particle in arbitrary non-
relativistic motion in rather neat and sophisticated way than that presented by Boyer3
in the specific context of a charged particle in uniform circular motion. We discuss illustra-
tive examples pertaining to radiation reaction and obtain explicitly the divergence pieces in
the expressions of their respective self-forces.We discuss the concept of mass renormalization
which implements the renormalization prescription as to how to tame the divergence.
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Appendix: Calculation of ~a(tRet) for a Charge Particle Moving in a Circle
In the limit s→ 0+, we have
cos
(
ωt−
ωs
c
)
= cosωt cos
ωs
c
+ sin
ωs
c
sinωt ∼= cosωt+
ωs
c
sinωt (A.1)
sin
(
ωt−
ωs
c
)
= sinωt cos
ωs
c
− cosωt sin
ωs
c
∼= sinωt−
ωs
c
cosωt (A.2)
The unit vectors rˆq(tRet) and θˆq(tRet) in the limit s→ 0
+ may be expressed as
rˆq(tRet) = cos
(
ωt−
ωs
c
)
iˆ+ sin
(
ωt−
ωs
c
)
jˆ ∼= rˆq(t)−
ωs
c
θˆq(t) (A.3)
θˆq(tRet) = − sin
(
ωt−
ωs
c
)
iˆ+ cos
(
ωt−
ωs
c
)
jˆ ∼=
ωs
c
rˆq(t) + θˆq(t) (A.4)
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The velocity ~˙rq(tRet) is:
~˙rq(tRet) = Rωθˆq(tRet) = Rωθˆq(t−
s
c
)
= Rω
[ωs
c
rˆq(t) + θˆq(t)
]
+O(s2) (A.5)
The acceleration ~a(tRet) reads
~a(tRet) = ~¨rq(tRet) = −Rω
2rˆq(tRet)
= −Rω2
[
rˆq(t)−
ωs
c
θˆq(t)
]
+O(s2) (A.6)
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